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It has been established that disturbances in uniformly rotating
incompressible liquids can propagate as wave motions. Many
aspects of upper atmospheric dynamics and ionospheric irregula-
rities may be explained in terms of internal gravity waves
which are responsible for transfer of momentum and energy
from one region to another. The effect of Coriolis force due to
Earth’s rotation plays an important role in the understanding
this mechanism. Venkatachalappa et al. [1] have studied the
propagation of linear and non-linear travelling waves in a
compressible rotating atmosphere. Venkatachalappa et al. [2]
investigated the propagation of linear and non-linear travelling
waves in an exponentially stratiﬁed incompressible rotating
ﬂuids. Venkatachalappa et al. [3] have studied the propagation
of linear and non-linear hydromagnetic waves in an exponentially
stratiﬁed non-rotating incompressible medium. In the present paper
we analyse the effect of rotation and magnetic ﬁeld on linear and
non-linear internal gravity waves propagating in an exponentially
stratiﬁed incompressible and inﬁnitely conducting ﬂuid. The waves
under study are governed by a system of nine non-linear inhomo-
geneous PDEs. We seek travelling wave solutions of this system. The
resulting ODE system is reduced via some ﬁrst integrals to one of
third order and analysed in phase-space.Elsevier Ltd.
ala).The scheme of the present paper is as follows. Section 2
contains basic equations and travelling wave formulation. Phase-
plane analysis for both linear and non-linear waves is given in
Section 3 and the conclusion of the present study in Section 4.2. Basic quations
We consider Cartesian coordinate system with x and y axes in
the horizontal plane and the z-axis along the vertical direction.
We study quasi-simple waves in an incompressible, inﬁnitely
conducting stratiﬁed ﬂuid rotating with a uniform angular velo-
city O about vertical axis in the presence of an applied horizontal
magnetic ﬁeld. The equations governing the unsteady system are
r D q
!
Dt
þ2O!X q!
" #
þrPr g!mðH!UrÞH!¼ 0, ð1Þ
Dr
Dt
¼ 0, ð2Þ
rU q!¼ 0, ð3Þ
DH
!
Dt
ðH!UrÞ q!¼ 0, ð4Þ
rUH!¼ 0, ð5Þ
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sure, q
!
with components (u, v, w)is the ﬂuid velocity, p is the
hydrodynamic pressure, r is the density, g! is the acceleration
due to gravity, O
!
is the angular velocity, H
!
is the magnetic ﬁeld
with components Hx, Hy, Hz and m is the magnetic permiability.
We assume that the undisturbed ﬂuid has density r0(z) and an
applied horizontal magnetic ﬁeld H0(z) given by
r0ðzÞ ¼ rc expðz=HÞ, H0ðzÞ ¼Hc expðz=2HÞ, ð6Þ
where H is the scale height and rc and Hc are the reference
density and reference magnetic ﬁeld at z¼0, respectively. From
(1) we ﬁnd that
p0ðzÞ ¼ pc expðz=HÞ where pc ¼ gHrc : ð7Þ
3. Travelling wave solution
We non-dimensionalise Eqs. (1)–(5) using H, (g/H)12, (gH)12,
pce
(z/H), rce(z/H) and Hce(z/2H) as the scales for length, time,
velocity, pressure, density and magnetic ﬁeld, respectively. We
seek travelling wave solutions in the form u, v, w, r, P, Hx, Hy, Hz
are functions of j where
j¼ x
l1
þ y
l2
þ z
l3
t, ð8Þ
and l1, l2 and l3 are wave lengths in x, y and z directions,
respectively. The initial conditions are
u¼ v¼w¼Hy ¼Hz ¼ 0, p¼ r¼Hx ¼ 1: ð9Þ
Resulting equations are
Euj2Ovþ
1
rl1
Pj
A2
r
BðHxÞj
HxHz
2
 
¼ 0, ð10Þ
Evjþ2Ouþ 1rl2
PjA
2
r
BðHyÞj
HyHz
2
 
¼ 0, ð11Þ
Ewjþ 1rl3
Pj Pr þ1
A2
r
BðHzÞj
H2z
2
 
¼ 0, ð12Þ
Erjrw¼ 0, ð13Þ
uj
l1
þ vj
l2
þ wj
l3
¼ 0, ð14Þ
EðHxÞjBuj
wHx
2
¼ 0, ð15Þ
EðHyÞjBvj
wHy
2
¼ 0, ð16Þ
EðHzÞjBwj
wHz
2
¼ 0, ð17Þ
ðHxÞj
l1
þ ðHyÞj
l2
þ ðHzÞj
l3
Hz
2
¼ 0, ð18Þ
where E¼ ul1 þ
v
l2
þ wl31 and A
2 ¼ mH2crcgH represents non-dimen-
sional Alfven velocity and B¼ Hxl1 þ
Hy
l2
þ Hzl3 , respectively. Integrat-
ing (14) using the initial conditions (9) and suitably combining
Eqs. (15)–(18), we get the following three ﬁrst integrals:
u
l1
þ v
l2
þ w
l3
¼ 0, ð19ÞHx
l1
þ Hy
l2
þ Hz
l3
¼Hz
w
, ð20Þ
H2z
rw2
¼Q ða constantÞ: ð21Þ
Writing T ¼ ul2
v
l1
and using the ﬁrst integrals (19)–(21) in
(10)–(18) we get a third order system:
wj ¼ nðK1Þ2OT
nl3ð1A2Q Þ
, Kj ¼ Kwð1KÞ
nl3
2OT
n
,
Tj ¼ 2Owl3ð1A2Q Þ
, ð22Þ
where
K ¼ Pr , n¼
1
l21
þ 1
l22
þ 1
l23
, n¼ 1
l21
þ 1
l22
: ð23Þ
The only singular point of system (22) in (T, w, K) space is
T ¼ 0, K ¼ 1, w¼ 0: ð24Þ
It does not seem possible to solve system (22) in a closed form.
We ﬁrst analyse the solution for some limiting cases.
3.1. Linear system
We linearise system (22) about the singular point (24). The
linearised form of (22) is
T 0j ¼
2Ow0
l3ð1A2Q Þ
, w0j ¼
1
nð1A2Q Þ
2OT 0
l3
þnK 0
 
,
K 0j ¼w0 þ
K 0
nl3
2OT
0
n
, ð25Þ
where primed quantities are perturbations over the equilibrium
conditions (24), assumed to be small. The characteristic equation
of (25) is
l3þa2l2þa1lþa0 ¼ 0, ð26Þ
where
a0 ¼
4O2
nl3ð1A2Q Þ2
, a1 ¼
4O2
nl23ð1A2Q Þ2
þ n
nð1A2Q Þ ,
a2 ¼
1
nl3
: ð27Þ
Eq. (26) has a pair of pure imaginary roots, i
ﬃﬃﬃﬃﬃ
a1
p
and i ﬃﬃﬃﬃﬃa1p ,
and a real root a2 if
4O2 ¼ ð1A2Q Þ, 4O24nl23ðA2Q1Þ: ð28Þ
Condition (28) is satisﬁed if A2Qo1 and either O2 ¼ ð1A2Q Þ4 or
l3-N or n-N, Thus, propagating linear waves, in general do
not exist in a rotating stratiﬁed incompressible, inﬁnitely con-
ducting ﬂuid. The phase curves in (w0, k0) are depicted in(i) O-0:
When we consider a non-rotating system, that is, when O-
0, system (25) reduce to
T 0 ¼ 0,w0j ¼
nK 0
nð1A2Q Þ , K
0
j ¼w0 þ
K 0
nl3
: ð29Þ
Eq. (29) is the same as those obtained by Venkatachalappa
et al. [1] in the study of hydromagnetic waves in an
exponentially stratiﬁed incompressible ﬂuid. In the non-
conducting limit, that is, as A2Q-0, Eq. (29) is identical
to those obtained by Venkatachalappa et al. [2] for the
incompressible rotating ﬂuids in non-rotating limit. The
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nl3ð1A2Q Þl2þð1A2Q Þlþnl3 ¼ 0: ð30Þ
The roots of (30) are real if either A2Q41 or A2Qo14nnl23,
equal if A2Q¼1, complex if 14nnl23oA2Qo1, and pure
imaginary when either l3-N and A2Qo1. These limiting
cases are shown in Figs. 2 and 3 for both l3 ﬁnite and inﬁnite
(conducting).(ii) l3-N, Oa0:
This case corresponds to horizontally propagating linear
waves (see also (i) above). Using initial condition (24),
system (25) reduces to
T 0 ¼ 0, w0j ¼
K 0
ð1A2Q Þ , K
0
j ¼w0: ð31Þ
Eq. (31) are identicle to those obtained by Venkatachalappa
et al. [3] for incompressible inﬁnitely conducting ﬂuid.
When we consider the non-conducting limit, that is, in the
limit A2Q-0, Eq. (31) is identicle to those obtained by
Venkatachalappa et al. [1] if we let g-N in their equations
and are the same as those obtained by Venkatachalappa et al.
[2] for incompressible rotating ﬂuid if we let O-0 in their
equations. The phase curves of (31) are given by
w02
2
þ K
02
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Fig. 1. O¼0.01, A2Q¼0.01, l1¼l2¼l3¼0.1.
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Fig. 2. O¼0.0, A2Q¼0.01, l1¼l2¼0.1, l3¼0.1.
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Fig. 3. O¼0.0, A2Q¼0.01, l1¼l2¼0.1, l3-N.where c is the constant of integration. Eq. (32) represents an
ellipse if A2Qo1, and a hyperbola if A2Q41 provided c40.
Thus linear waves are periodic when they propagate hor-
izontally, the periodic nature is independent of rotation and
wave numbers in the other two directions. The results
corresponding to l3-N are shown in Fig. 4 in (w0, k0) plane
and Figs. 5 and 6 represent the variation of K0 and w0 with j.
We observe that the periodic nature of the solution is
independent of wave numbers. This is in contrast to the case
for the compressible rotating system. For the latter, Venka-
tachalappa et al. [1] have observed that the conditions for the
existence of horizontally propagating periodic waves are
non1, n4n2, ð33Þ
where n1 ¼min 1g , 4O
2
ðg1Þ
h i
, n2 ¼max 1g , 4O
2
ðg1Þ
h i
, n¼ 1
l21
þ 1
l22
. Thus
periodic waves are possible only for the range of wave
numbers given by (33) . Thus there exists a window of
non-periodicity in the range of n1onon2. However, in the
incompressible limit g-N, n1 and n2 tend to zero; therefore,
the window of non-periodicity disappears and we always
have periodic solutions in the linear limit as l3-N. It is
clear from (28) that, in the limit l3-N, the conditions for
periodicity become independent of rotation provided that
A2Qo1. However, this picture changes as non-linear effects
are taken into account (see Section 3.2).(iii) l1-0 or l2-0:
When we consider either of the limits l1-0, l2-0, Eq. (25)
becomes
T 0j ¼
2Ow0
l3ð1A2Q Þ
, w0j ¼
K 0
ð1A2Q Þ , K
0
j ¼w0: ð34Þ
From (34), we get the integral
T 0 ¼ 2OðK
01Þ
l3ð1A2Q Þ
, ð35Þif we use the initial conditions (24). The characteristic Eq. (30)
now becomes
lðl2þ1Þ ¼ 0: ð36Þ-1 -0.5 0.5 1
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Fig. 4. O¼0.01, A2Q¼0.01, l1¼l2¼0.1, l3-N (periodic solution).
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Fig. 5. O¼0.01, A2Q¼0.01, l1¼l2¼0.1, l3-N (periodic solution).
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Fig. 6. O¼0.01, A2Q¼0.01, l1¼l2¼0.1, l3-N (periodic solution).
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to aperiodic solution and the purely imaginary roots give periodic
solutions. The nature and behaviour of the solution curves in
(w0, K 0) are similar to that for the case l3-N. Eq. (35) gives linear
relation between T0 and K0.
3.2. Non-linear travelling waves
The non-linear self propagating waves are governed by system
(12). It does not seem possible to ﬁnd an explicit solution for this
system. We solve them numerically; the results are shown in
Fig. 7 and 8 in which space curve shows periodic solution for l3-
N. We observe that the phase curves are in general not closed.
We study this system for the following limiting cases.(i) O-0:
For non-rotating ﬂows, that is, when O-0, system (22)
reduce to
wj ¼ nðK1Þ
nð1A2Q Þ , Kj ¼wK
ð1KÞ
nl3
: ð37Þ
The only singular point of system (37) is again given by (24).
Eq. (37) are solved numerically and the phase curves in the
limit A2Q-0 coincides with that obtained by Venkatacha-
lappa et al. [2] for the incompressible non-conducting case
and Seshadri and Sachdev [4] if we take the limit g-N in
the latter. Seshadri and Sachdev showed that their system of
equations admit only parallel plane wave solutions. They
also obtained periodic solutions when there is no propaga-
tion in the vertical direction. Seshadri and Sachdev [4]
obtained three singular points which coalesce with (24) in
the incompressible limit g-N. Thus we observe that-1
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Fig.7. O¼0.01, A2Q¼0.01, l1¼l2¼l3¼0.1 (spiralling away).
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Fig.8. O¼0.01, A2Q¼0.01, l1¼l2¼0.1, l3-N closed curve.rotation and magnetic ﬁeld effects do not give rise to any
new equilibrium states.(ii) l3-N, Oa0:
When we consider only horizontally propagating waves, that
is, the limiting case l3-N, Eq. (22) reduce to
T ¼ 0,wj ¼
ð1KÞ
ð1A2Q Þ , Kj ¼wK: ð38Þ
Integrating (38) we get
w2
2
 1ð1A2Q Þ
 
ðlogKKÞ ¼ constant: ð39Þ
Solution (39) is periodic when K40 and A2Qo1. In the limit
A2Q-0, this solution is similar to that obtained by Venka-
tachalappa et al. [1,2] for rotating compressible or incom-
pressible ﬂuids.(iii) l1-0 or l2-0:
In the limits l1-0 or l2-0 with l3 ﬁnite, Eq. (22) reduces to
Tj ¼
2Ow
l3ð1A2Q Þ
, wj ¼
ð1KÞ
ð1A2Q Þ , Kj ¼wK : ð40Þ
From (40), we obtain the integral
K ¼ exp 2OT
l3ð1A2Q Þ
 
: ð41ÞThe phase curves in the (w, K) plane are similar to those for the
limiting case l3-N.4. Conclusion
For linear case the solutions are periodic in (w0,K 0) plane when
either the waves travel in the horizontal direction in the limit
l3-N or in the vertical direction when either l1-0 or l2-0;
the periodic nature of the solution in these limits is not affected
by the presence of Earth’s rotation provided that A2Qo1. This is
in contrast to what is observed for the compressible medium. It is
found that in the latter case (see Venkatachalappa et al. [1]) the
condition for the existence of horizontally propagating periodic
waves is n1onon2 (see Eq. (33)). However, in the incompres-
sible limit g-N, n1 and n2 tend to zero; therefore, the window of
non-periodicity disappears and we have periodic solutions. In
(T 0,w0,K 0) space, the waves are aperiodic in view of integral (35)
which gives linear relation between T0 and K0.
When non-linear effects are included, the solutions are peri-
odic in (w, K) plane when either the waves propagate horizon-
tally, or verticall for both rotating and non-rotating systems and is
true for conducting ﬂuids provided that A2Qo1. All these solu-
tions, however, are non-periodic in the (T, w) plane. We observe
from (41) that K varies exponentially with T. Thus in general the
solutions in the (T, w, K) space are non-periodic but they exhibit
periodic nature when they propagate only in the horizontal
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